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Theoretical large zone reaction boundaries for molecular sieve chromatography have been simulated by computer for a 
self-assaciating solute undergoing rapid chemical equilibration under kinetic cantrol. These patterns show that the kinetic& 
ly-controlled reaction rate between the mobile and staiionary phases is the: principal determinant of the elution boundary 
profile in moiecuIar sieve chromatography. The overall chemical reaction rate in the mobile phase was found to have a much 
greater role in a rapidly equilibrating system than did t&e effect of a?tial dispersion within the gel matrix. 

f. Intioducfion 

Id recent years the experimental study of intetact- 
ing protein systems has depended largely upon deveE 
opment ofuseful theories for interpretation of data 
that can be obtained by a variety of physical tech- 
niques such as light scattering, osmotic pressure, sedi- 
mentation equilibrium experiments and moieculas 
sieve chromatography. 

Since the pioneering work of Gilbert in 1955 [I) $ 
all transport experiments to date have dealt with the 
assumption that chemical equilibrium between the in- 
teracting species is instantaneous. Recently, attention 
has focused on kinetically controlled associating sys- 
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terns in relation to tke time of duration of experiments, 
in an attempt to evaluate the observed boundary pro- 
files, As yet, however, no an~yt~cal solutian of the 
transport flux equation has been achieved [I --24,34, 
351. 

Attempts have been made to establish the effect of 
the kinetic rate of chemical interaction for self-asso- 
ciating species in the ultracentrifuge [9,10,12,f7-19, 
221 by electrophoresis [IO], counter current disfribu- 
tion i2Sl and molecular sieve chromatography 120.21, 
23,261. 

A numerical solution of the flow equation for the 
molecular sieve chromatographic transport of multi- 
component, interacting species has been formulated 
withaut consideration of kinetic effects. The behavior 
of large zones undergoing transport, including trans- 
lational and rotational diffusion of solute within a 
chramatographic cohtmn, has been investigated by 
computer simufation [ 13- 161. 

However, more recently, Halvorson and Ackers 
[23] have formulated the kinetic constants for isomur- 
ization using small zone elution chromatography. 
Zimmerman [Z&21) extended this method to con. 
sider kinetically-controlled monomer--1z-mer and 
three-species association, as perturbed by the axial dis- 
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persion coefficient (translational and rotational diffu- 
sion of interacting solute) in molecular sieve chroma- 
tography, maintaining a constant ratio of the kinetic 
rate constants corresponding to the equilibrium state, 
at which values of these kinetically controlled rate con- 
stants the resulting boundary profiles approach instan- 
taneous chemical equilibrium. 

In order to define as precisely as possible the effect 
of kinetic control on the elution boundary shapes of 
molecular sieve chromatographic patterns, we have 
considered at great length the computer simulation of 
the interacting species distribution in the mobile phase 
alone. These results are compared with the distribu- 
tion patterns showing the kinetic effects on species in- 
teraction between the mobile and stationary phases. 

In this communication, we report on the computer 
sirmdation of the continuity for chromatographic 
transport 1201 as applied to a self-associating protein 
system. This paper, therefore, considers not only the 
solute-solute interaction in the mobile phase that has 
come to be assumed as a common feature of all kine- 
tically-controlled transport systems, but also examines 
the influence of the kinetic effect between the mobile 
and stationary phase on the elution boundary profiles 
in molecular sieve chromatography with respect to all 
chemically interacting species. 

2. Basic quantities and theoretical considerations 

In order to realistically simulate the boundary be- 
havior of interacting solutes by scanning molecular 
sieve chromatography, it is a prerequisite to have a basic 
understanding of the numerical solution of the conti- 
nuity equation. 

A general continuity equation, shown here, has 
been derived for the exchange of solute between sta- 
tionary-and mobile phases with simultaneous axial 
dispersion [24,27,281_ 

actat + (F~g)aqax=La%px2 _ (1) 

Were, J represents the solute flux per unit cross- 
sectional area in which the solute is distributed within 
the column. F is the flow rate of eluent in ml/s and L 
is the axial dispersion coefficient, and r$ is the parti- 
tion cross section. 

The to?al flux, J. in gel chromatography can be 
considered to be the sum of two fhrxes: (1) a flux, JP 

due to solute partitioning and volume flow, and 
(2) axial dispersion, JL, a rotational and translation- 
d flux due to non-equilibrium flow of the system. 
The sohrte partitioning term is .JP = E/E; the axial 
dispersion term, JL = -L(aC/aX). The total flux 
(JP + Jt) is written as 

J=FC/E - .qac/ax). (21 

This is the fundamental flow equation for solute 
transport on the column, analogous to the processes 
of ultracentrifugation and free boundary electro- 
phoresis. The chromatographic transport equation 
(1) results from the substitution of J from eq. (2) 
into the general continuity equation for a uniform 
cross-section, applicable to transport processes of 
all kinds [29] 

(at/at)=--(aJ/ax) _ (3) 

Eq. (2) is applicable to a single component system 
where a chemical reaction or chemical equilibration 
is absent. When a solute species i enters into a chem- 
ical reaction with this system, this equation must 
be written as follows 

4”= Fci/Ei - Lr$C,‘laX f ti f (4) 

where C’= Q and C’s ~iici~i_ C’is the concentra- 
tion within the column, including excluded regions 
as related to the bulk solute concentration. ‘i is the 
rate of production or consumption of the titeract- 
ing species i by the chemical reaction. The solute 
flux relative to the column frame of reference is 
J’ = J.$ 

Since the total J; is the sum of the fluxes of ah 
species present, eq. (4) above becomes 

J+ = CJi = CFC~J~i - %iaC;jaX+ cr,- . (5) 
i i i i 

Considering the simulation of eq. (5) which con- 
tams kinetically-controlled rate terms (Ziri), it 
should be noted that system parameters and chem- 
ical reaction rate in the mobile phase, as well as the 
rate terms between mobile and stationary phases, 
influence the elution profiles of the interaction 
boundaries- In previous computer simulation ]20,21, 
231 only the chemical reaction rate term in the rno- 
bile phase was considered, without including the ef- 
fect of kinetic terms between the mobile and station- 
ary phases. 
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Considering a case of rapid equilibration in the mo- 
biie phase alone, eq. (5) may be solved for the gradient 
average of the velocity terms, F/&, of the individual 
species with respect to the Ci. The overall veIocity, 
VT = F/ET, is expressed as [ 13,241: 

(6) 

where Ci = K:(C; y’ and K: = K&i/($l)‘. For self- 
associating solutes in which a reversible equilibrium is 
maintained during the course of the transport experi- 
ment, the concentration in free solution of each spe: 
ties i is given by Ci = KiC’;. 

Similarly, eq. (5) gives gradient average quantities_ 

L* = qiL& (Ci)‘-’ /FXf(C;Ji- I . (7) 

It should be noted that although Ki is not a true equi- 
librium constant for the chemical reaction, it has the 
property of defining the relationship between Ci and 
C{ at each point in the column. The column equilib- 
rium coefficient, Ki, contains the system parameters 
of Ei and ET an&the reaction stoichiometry, i, as well 
as the equilibrium constant K, where .&- is the weight 
average quantity of the self-associating solute species. 

In our computer simulation, the folIowing chemi- 
cal equilibrium was considered. 

k:: 

The component parameters considered apply to chem- 
ical equilibration in the mobiIe phase and equilibra- 
tion between the mobile and stationary phases. Hence, 
the flux equation in the mobile phase is expressed as: 

MOBILE PHASE I 

L \ 

A simplified model for solute association in the mob& and 
stationary phases in the gel column. 

where kg is the chemical reaction rate from species i 
to j as shown in eq. (a), and CT is the concentration of 
species i. The 

-,G kij(Cr)j+C.k--(Cg)f 
j~i 3' I 

term represents a rapid local equilibration rate in the 
mobile phase and I--k_~C~+ kiiCr*j represents the 
rate of equilibration between the mobile and stationary 
phases, where kjj is the rate of reverse equiIibration 
from the gel matrix to the mobile phase, and Ic_ii is 
the rate of forward permeation from the mobile phase 
into the gel matrix. In eq. (9), it is apparent that no 
chemical reaction takes place or the system exhibits 
ideal behavior when h-ii becomes zero or infinity_ Hence 
where “ii = 0, only the AT species is apparent; when 
kij = =, only AT is present in the boundary profile. 

Here we consider the solute partitioning process 
where kii or k_, between the mobile and stationary 
phase is either slow or rapid. In the former case, the 
boundary profile will show both the Af and AT asso- 
ciating species. In the latter case, only the distribution 
of the species Af or $ will appear in the boundary 
profile, i.e. 

“Q 
iA* + 

kji 
A; or iAT_j‘AT , 

k-0 
u 

A’ f Ai’- L k;* AT wherei=j- 1 _ (Sb) 

Since the A* species is present in excess, this reac- 
tion scheme is assumed to be pseudo first order kine- 
tics_ In our studies, we assumed that A*‘, the concen- 
tration of the stationary phase, contributes less signi 
ficantly to binding to the gel matrix (A** + gel * 
gel - A**) than to the axial dispersion coefficient 
which is refated to particle size, geometry and random 
variation in particle gel packing [24]. 
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Fig. 1. Flow diagram for the computer simulation of a self- 
associating solute in scanning molecular sieve chromato- 
graphy. Step 0 is solute flow; Step 1, axial dispersion; Step 2, 
chemical reaction in mobile phase; Step 3. chemical reaction 
between mobile and stationary phases. For a single compo- 
nent system, steps 0 and 1 arc simulated. For two-species as- 
sociation (monomer-tetramer association) shown here, all 
four steps must be simulated. In three-species association 
(monomer-tetramer-octamer), each frame would contain 
three com>onents. In the simulation procedure, the concen- 
tration term as a funciion of time must be determined for 
each frame of the flow diagram. Our computer program 
simulated such data for 200 framer 

3. SimuIation procedures for large-zone boundary 
profiles 

Our computer simulation procedure is based on 
the continuity equation (9), involving a finite differ- 
ence approximation of Fick’s second law by a method 
similar ?o that developed by Vink [30] and Cox [6,4]. 

The gel column (100 mm) was divided for conve- 
nience into ,I,-frames of boxed compartments (2 mm) 
by (n, + 1) equally-spaced boundaries of the square 
cell, as shown in the schematic diagram of fig. I_ The 
total solute flow time was divided into (nr f 1) inter- 
vals of Al. Equally-spaced compartments along the 

axis of the gel column were enclosed by the bcundaries 
’ and (i f 1) where the interval between boundaries is L 
designated AX. In step 1, (fig. I), solute flows into 
each compartment from (i - I) over a time interval of 
(r + At). 

Each compartment of the three steps actually con- 
sists of both mobile and stationary phases, for which 
the continuity expressions for two-species association 
(monomer-tetramer association in this case) may be 
written as 

ac; a%; F =; 
ar=Q ---$--- 

El ax 

-k14(C;)4+k41C~-~_-llC;fkllC1*f, (13) 

ac; aq F ac; -_= 
ar L4~--p t4 ax 

-k41(C;) f k,,(C;14 - k_,& i- kd4C’i$* , 

where CT and Ci are the concentrations of solute 
species monomer and tetramer to be considered in the 
mobile phase, i.e. 

k 
A; g4 A;, (14) 

k41 

where CT* and Cz* are the concentration of solute in 
stationary phase with kji or k_, as defined in the dia- 
gram. Note that the total concentration CTi = Cz f 
CF* and C,! = C,ig. 

The reverse and forward equilibration rate con- 
stants of species kl t and k_11 for monomer and kM 

and k_, for tetramer have their usual signi&ance in 
the mobile phase, dictating the finite rate oi’ equilibra- 
tion or local equilibration rate with will determine the 
boundary profiles of the system as whole. Thus, the 
rate ofkii and k-ii between mobile and stationary 
phases, as shown in fig. 1, becomes 

ac;*fat = -k&*f k_&, 

acyfat= -k_,_&*fkqqC;_ (19 

This expression then, describes rhz stationary phase 
much as its counterpart, eq_ (9), describes the mobile 
phase. 

Letting CFltj equal the concentration of monomer 
iu the mobiIe phase at time t, solvirg eq. (15) for 
CfircACj yields C&j and Cii;, at t. 
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C?” 
c(t+At) = 

X eXp{-(kii f k_&QI 

Assuming that C; is constant between f = 0 and At, 
then, for the tetramer, 

X exp C- (k# f k-&Ar3 

In this case, all kij or k_tt are expressed in recipro- 
cal minutes, The schematics of the individual com- 
partments (as shown in fig_ I) may be considered. 
Since the concentration of speciesi of compartment i, 
at time t, is C*(t, j, & then a change in concentration 
in compartment i of step 1 of this scheme is ex- 
pressed as: 

AC* = Cf;+At,j.z7 - C& j.12 - (19) 

The tota con~e~t~tio~ C-* at t f Pr is therefore C’ = 

=j GLr,j,O - C’&, where C&, denotes the con- 
centration of species] of compartment i at the time t 
in the mobile phase. When describing the total con- 
centration of solute species undergoing translational 
and rotational diffusion within the cafumn, this eqna- 
tion may be written as: 

&U,j*i) = C&f, 

Rearrangement of eq- (20) yields 

AC*=- LjAr ~Gt,j,f+l) + C&ji-I) - 2c&j,iI) 

AAX2 

(21) 

where Lj is the axial dispersion coefficient of speciesj 
and A is the cross-sectional area of the column. 
C&~C~,~l, the concentration of species j in frame i at 
the time (r + At) before proceeding to step 2 of fig. i 
where axi;J dispersion OCCUTS is expressed as C* = 
c; -5 tc* - ci* 3. ci’ = c;tj,i, at the time interval t 
and C* = Cfrcl\rj,i,. Eq. (21) may be rewritten as fol- 
lows: 

C” XC; - Lj(A2Ci+ laY21(At~A) (22) 

obeying Fick’s second law where (dC/Zlr) = D(a2C/ 
ax2) [37] L 

frx the case of monomer-tetramer association as is 
shown in fig. 1, the concentrations of monomer, 

C;(ttdC)’ and tetramer, C&rcar). in the mobile phase 
of steps 1 and 2 reach an instantaneous equiiibrium and 
can be computed from eqs- (17) and (18). Thus, the 
total concentration of speciesi in compartment i is 

CTCt+Ar,j,i) = c&,~~) * C&,i,i) (23) 

where C** is the concentration of the jth species in 
the stationary phase. The equilibrium concentration for 
ffie ith species at (r + At) in compartment i of step 3 
is denoted by C&,,j,O. Hence, the apparent equi- 
librium constant KSpp may be expressed in terms of 
CT{, i.e. 

K aPP = (CT&‘;t ) = (C,* f C, **) /C; + Cr”*,4 (24) 

Following completion of these computations, 
steps 2 and 3 are repeated before returning to con- 
sider compartment (i + 1) in step 1 w Repetition of steps 
2 and 3 takes into consideration the remaining frac- 
tions of the interectiog species which were not in- 
volved in the chemical reaction and may be expressed 
as C&dl.j,il. The concentration after step 3 which 
must revert back to steps i and the initial step may be 

-and C&,rj iI. - expressed 3s Cfat+.atj,i) 
The initial concentration d&&rib&ion which is con- 

sidered in each frame of the scheme in fig. 1, is speci- 
field by eqs. Cl?}, (I 81, and (2 1). Once the C&X& 
tians for a full cycle have been completed, the con- 
centration for the next cycle becomes 

(25) 
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where nzj is the shift of frame by the speciesj. Table 1 

This complete cycle will yield in turn, the next con- 
centration expressions 

c’ 

System parameters used in- simulation (held mnstant) [ 131 

(f+2Af,i,i') step I 

C&,,y 1) step 2 (26) 

c* (f+2Af.j.i’) step 3 

where i = (i + w+)_ After each successive instance of 
rrz-axial dispersion in step 1 and chemical reaction in 
step 2 and 3, the process always returns to solute flow. 
The shift to the next compartment (i + NI$ occurs ac- 
cording to the solute flow rates of the interacting spe- 
cies, where nzi is defined such that (FmjnI) wil1 pro- 
duce an integer compartment shift for alf species pres- 
ent in the system_ This manipulation is similar to that 
proposed by Cox 14-7 J, and enables us to determine 
concentration as a function of column Length, varying 
the flow time. Large zone profiles are obtained by 
taking the derivatives of the concentration with respect 
to column length at various flc~w times. 

coIumn length, I IOCDl 

column crorjs-sectional area, A 1.0 cm2 
Sephadex gel GZOOR 
flow rate, F 1.2 ml/h 
Q, void volume/Q 0.295 
p, inrernal volume/Q 0_670 
initial concentration, Co 0.1 n&ml 
qd2 5.4 X 10s6 cm2 

q is a gel particle-packing factor, d is the gel particle diameter. 
,4 is the column cross-sectional area. Ei = & + @vi_ 

coordinate, varying the flow time and the effective 
rate of equiIibration between mobile and stationary 
phases. 

4. Results and discussion 

Theoretical and numerical comparison of single com- 
ponents (monomer and tetramer). 

To check the validity of our simulation procedure 
in relation to other published data, a comparison 
between the theoretical and numerical simulation of 
a mono-dispersed system was made -sing the Halvorson 
and Ackers [31] procedure based on a gaussian distri- 
bution curve of the feading edges of the boundary. 
Here, 

c fx,v, = $C, erfc{q5/[4LvV)L/2J) (27) 

where L,, = L/F, the experimentally obtainable axial 
dispersion coefficient, and Q =X - (P&/&4), the new 
position coordinate describing the peak of the proftie 
within the column, X = p/W, where r is the distribu- 
tion volume, and V is the volume of solvent passed 
through the column at a constant flow rate F ( see 
table I). 

SingIe components, monomer and tetramer in this 
case, could be numerically compared using our com- 
puter program, considering only solute flow and &al 
dispersion (steps 0 and 1 of fig. I), for a single cam- 
ponent in each frame of the scheme. 

The simulation methods to be compared were in- 
corporated into programs written in Fortran dialect, 
and the computation done on an IBM 370 computer_ 
Concentration gradients (10000 dc’ldx) were plotted 
with a Gould plotter as a function of the x distance 

The time-course dependent theoretical and numeri- 
cal comparison of non-interacting single components, 
monomer and tetramer, based on eq. (27), is shown in 
fig. 2. Simulation in both figs. 2a and 2b was done on 
Sephadex G200R gel at a flow rate of 1.2 mI/h. The 
diameter of the monomer is 17.5 ii, that of the tetca- 
mer being 30 a_ The dark areas of these time-course 
dependent boundaly profiles indicate that the theo- 
retical and numerical simulations arc virtually identi- 
cal, with the two profrtes for a single component sys- 
tern directly overlapping. In numerical simulations of 
the boundary profiles of the monomer and tetramer, 
onIy the effects of solute flow and translational and 
rotational diffusion are considered, as determined 
from the scheme described in fig_ 1. No chemical reac- 
tion is assumed to t&e place in steps 2 or 3 of the 
flow diagram. For proper comparison of the two sets 
of theoretical and numerical data in terms of the dis- 
tance coordinate, the running times for experiments 
at the two flow rates were simulated to maintain a 
constant flow throughout the experiment_ The axial 
dispersion coefficients of monomer and tettamer used 
in this simulation were L, = 3.61 X 10U4 cm2/min 
and L, = 4.86 X lO-4 cm2/min, respectively. The 
simulated gradients are gaussian and symmetrical, and 
the degree of deviation is negligible. The close correIa- 
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Fig. a. b. Tkoreti~ and numerical eumpzrison of noainterzcting sing& components, (it) mw~ornet and 0~) :etramer_ Concentm- 
tion gradient t@idr) X l@OOO, a~ a function of the distance coordinate, x, varying the ffow time. Flow rate. F= 1.2 ml/h. times 
are 0) 48 min, (2) 144 min, (3) 240 mh on Sephadex GZDOR (regular). Axial dispersion coefficients. L r = 3.61 X 1OL4 cm’lmin. 
L4 = 4.86 X 1O-4 cm21min, @ = 5.4 X lo-’ cm*. cy = 0.295, p = 0.67, molecular radius of tetrxner = 30 A. Note the variation 
between tkeoretical and numerical cdcuBtions (- -- numerical, --- theoretical). 
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tion of the profiles under these conditions is a good 
indicator of the effectiveness of our program in simu- 
lating transport boundary behavior. 

4.1. The effecr of kinetically-controlled interaction 
rates in the mobile pkase 

All simulations were carried out to describe the 
large zone boundary undergoing rapid chemical equi- 
libration, using the simulation parameters described 
by Zimmerman and Ackers [13-16j (see table I). 
The <elf-associating solute is assumed to be a mono- 
mer with a molecular radius of 18.9 A, which corre- 
sponds approximately to a molecular weight of 17 000 
daltons and a diffusion coefficient, Dzow, of 11.3 X 
10-7 cm2/s. The monomer is further assumed to 
form a dimer with a molecular radius of 23.8.4 and a 
diffusion coefficient of 8.97 X 10W7 cm2/s. We a~- 
sume that system parameters such as L, F, .$ and A are 
independent of the cohmn length, X, time, f, and ini- 
tial concentration, C as shown in table 1. In this case, 
the continuity expression (13) assumes that the es- 
tabli?hment of differential diffusional equilibration is 
quite rapid between the mobile and stationary phases 
of every local region of the column bed. Hence, in 
rapidly reversible chemical equilibration, the solute 
profile is characteristic of the equilibrium composi- 
tion of the mobile phase. 

There are four cases of interest in the mobile phase 
which we have considered relative to the kinetically- 
controlled rate of chemical equilibration, i.e. the 
first three steps of the flow diagram in fig. 1 (steps 0, 
1 and 2) where the boundary profile is under kinetic 
control. 

Case(l) kZt =O.O min-I, k12=0.1 min-1 

Case (2) kzL = 0.005 min-I, k12 = 0.005 K2(min-*) 

Case (3) k21 =O.OS min-l, k12 =O.OS K2 (min-l) 

Case (4) k,, 20~5 min-I, k,, 30.5 K2 (min-I) 

(28) 
where K2 = C$(Cf )’ = k, z/k2, _ Ki values are shown 
in tables 2 and 3, maintaining respective weight frac- 
tions of monomer. 

In case (I), kjj = 0, the chromatographic profile 
is that of a single solute of non-interacting species. 

Table 2 
System parameters in simulation 

n-mer 

monomer 
dimer 
tetramer 

‘octamer 

0.754 3.61 X lOa 0.80 
0.634 4.00 x IO-4 0.72 
0.51s 4.86 x 10-4 0.64 
0.355 7.10 x x0+ 0.533 

&es (2) and (3) fall into the category of rapid chemi- 
cal equilibration. Case (4) represents a system under- 
going such rapid equilibration in the mobile phase 
that no kinetic effect may be detected in the bounda- 
ry profile when kii > 0.5 min-I. This is in contrast to 

cases (2) or (3), where the peak heights representing 
the finite equilibration rate are clearly distinguishable. 
These findings are consistent with results reported by 
Zimmerman [20) _ 

As shown in figs. 3a and 3b, the maximum peak 
position in the gradient curve for a system undergoing 
monomer-dirner assxiation is seen to shift toward 
higher values of a give;~ distance coordinate with de- 
creasing kinetically-controlled rates of equilibration, 
accompanied by a slight variation in the position of 
the trailing boundary. The sharpening of the bounda- 
ry, therefore, is noticeably influenced by the kineti- 
cally-controlled rate of reaction [20,21]. 

The position and shape of the u&model solute 
boundaries in the case of monomer-dimer association 
are shown in fig. 3. The weight fraction of monomer, 

Table 3 
Equilibrium constants and weight fractions of monomer 

Monomer- Equilibrium Monomer- Equilibrium 

dimer constants tetramer constants 
K2 (mllmg) KS OWw) 

go%- 10% 1.2345 90%-10% 1.52x 102 
75% - 25% 4.4440 75%-25% 7.90 x 102 
SO%-50% 20.009 5a%-5a% 8.00 x 103 
25%- 75% 120.00 25%-75% 1.92 x 10s 
iwo- 9070 9oo.ao LO%-9cR 9.00x 10 6 

Monomer-tetramer-actamer EquiIzXium con&ants 

K4 (ml/m& KS (ml/n& 

la% -10% - 80% 1.0 x to6 8.0 x 10’4 
5% - 15% - 80% 2.4 x 10’ 205 x 10” 
3%- 7% - 90% 8-64 x LO’ 137 x 10’9 
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i IO.251 - 2lO_751 RSSOCIRTION RT lFZ0 MINUTES 

COLUflN IHfl; 

1 IO.251 - 210.751 RSSCICIRTION AT 23'4 MINUTES 

3.55 
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Fig, 3a, b, c, d. Effect of kineticafty-contraId interaction boundaries of monomer-diier system as a function of flow time in the 
rnobite phase simcfation of monomer-dimer equilibria of ft = 0.25 and f2 = 0.75 at 180 min and 235 min. The column cros+ 
sectional area is 1 cm*. Flow rate is I.2 ml/h. The monomer has a mokdar radius of 18.9 A, cOr~@OndiiQ to an approximate 
molecular weight of 17 000 daltons. The solute is iniii3lly present as a step function, x = 0, P = 0, zud the loading c&centration of 
the mobiie phase within the column is 0.1 o&ml. Equilibrium constants are given in table 3. (a) at I80 min. 1. szt = 0.0.2. kzt = 
0.005 mfn-s’, 3. kzt > 0.5 min-t. (b) at 234 min. I. k, = 0.0.2. k,, = 0.005 K2 (min-t), 3. k,, ) OS K, (m&~-t). (c) l-2 aso- 
&&ion at 180 min. I. 10% monomer, 2.25% monomer, 3. SQ% monomer, 4.75% monomer, 5.9lW monomer. {d) t-2 association 
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Ct/CG = f:, is 0.25, and of dimer. Cg/Cs = fz, is 
0.75 at 180 tin and 230 min intervals. The total con- 
centration, CT, within the column, is the same for all 
profiles and can be quantitatively expressed as: 

i 
C, = Cl51 f C& , (29) 

where Ci = Ci* f Ci** and El and E2 are assumed to be 
constant. 

The maximum peak position in the gradient curve 
is seen to shift with variations in the composition of 
the weight fractions of monomer based on table 3, as 
seen in figs. 3c and 3d. In the case shown, the kinetic 
rate, k-- 2 0.5 rnin- I, when kv is in the range of 
0.005 ain-1 and 0.05 min-l. The maximum height 
of the peak position is reduced, accompanied by a 
slight shift in the trailing boundary, varying the com- 
position of the weight fraction of monomer. 

Zimmerman and Ackers t 13-l 51 have demon- 
strated that the primary effect of increasing solute 
flow is to sharpen the reaction boundary, while exact- 
ly the opposite is observed in large zone experiments_ 
If the leading boundary continuously feeds the dimer 
species into the solvent layer, then it is difficult to de- 
termine from elution profiles alone whether the kine- 
tically-controlled reaction rate is rapid. That is, if the 
reaction of the dimer species is larger, then the effect 
of the dispersion coefficient within the gel matrix is 
less than that of the overall chemical reaction rate in 
the mobile phase. 

It appears that the kinetically-controlled rate be- 
tween the mobile and stationary phases is, indeed, the 
principal determinant of the boundary profile in mo- 
lecular sieve chromatography. In the section which 
follows, we describe the simulation of results for eqs. 
(13) and (15), as adapted to our computer flow dia- 
gram shown in fig. I. 

4.2. Evaluation of the partition coefficient 

The values of the partition coefficien& were calcu- 
lated according to the equation _u = erfc [(a - aO)/bO] 
127,323, where a is the molecular radius and a0 and 
b. are calibration constants defming the porosity of 
the gel. The error function complement is defined by 

erfc(x)=xG / e-‘*d&= 1 -s2 j e-r*dt . (30) 
x 0 

For Sephadex GZOOR gel, the partition coefficients 
shown in table 1 were used to calculate &, EZ, <4..$8. 
In our computer program, a single ratio was used, 
such as El : E4 : Es. Values of (Y and jl used were o! = 
0.295 and 13 = 0.67 [ 131, where Ei = (Y f pai. The col- 
umn cross-sectional area, A, was 1 cm2. 

4.3. Axial dispersion coefficients [23] 

Axial dispersion coefficients for both solute species 
were calculated from the relationship 

(31) 

The term qd2 relates the particle size and geometry to 
the average equilibrium time between mobile and sta- 
tionary phases of the column_ L, results from the fi- 
nite size of the gel particles and random variations in 
particle gel packing. In the present simulation, a value 
of 5-4 x 10-h cm2 was used for qd2. D is the free dif- 
fusion coefficient of the interacting solute. Calculated 
values of Li are given in table 2. 

The equilibrium constants (in ml/mg) were chosen 
to give IO, 2.5,50,75 and 90% of the weight fraction 
of monomer, as shown in table 3. 

4.4. i%e effecr of gel particle size 

It has been shown that the axial dispersion coeffi- 
cient of an individual solute varies as the square of the 
gel diameter from eq. (3 1) [22] . Although the character- 
istics of the reaction boundary are known to be highly 
sensitive to variations in particle size, the sharpening of 
the boundary observed in figs. 3a, b must be attributed 
to the rapid rate of chemical equilibration and the 
kinetically-controlled rate of gel permeation between 
mobile and stationary phases, with only a minimal de- 
pendence on axial dispersion. 

4.5. The effect of the kinetic reaction rates on 
monomer-tetramer association in the mobile and 

stationary phases 

Fig. 4a shows our simulation of the concentration 
gradient profile for monomer--tetramer association, 
subject to gel chromatography on Sephadex G200R, 
using data from Zimmerman and Ackers [ 13] - The 
gradient curve shows a bimodal reaction boundary 
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(n > 2) for monomer--n-mer systems in large-zone 
experiments. It is clear that our large zone experi- 
ments are an exacting duplication of the trailing 
boundaries of the concentration gradient profiles re- 
ported in earlier experiments [21-231, where kij 2 
0.5 min-t as a function of the weight fraction of 
monomer at 120 minutes. 

When the kinetic rate, kij, is varied far 0.0 to 0.5 
miuV1 in the mobile phase, using the first three 
steps of our schematic flow diagram (fig. l), the pro- 
nounced effect of the kinetic reaction rate on the 
bimodality of the trailing edge of the boundary pro- 
file may be seen in figs. 4b and 4c. These figures are 
generated from curve 4 of fig. 4a by our computer 
simulation. In contrast, the plateau region of the 
leading edge remains relatively constant. 

If the fitting of the simulated chromatographic 
profile to experimental data is to be used to deter- 
mine the staichiometry and equilibrium constants 
for a self-associating solute, the simulation of chemi- 

‘-?- 

cal equilibrium between the mobiie and stationary 
phase must be considered. 

The development of the reaction boundary as a 
function of column length is also influenced by the 
effective kinetic rate of local equilibration between 
mobile and stationary phases. Assuming that the rate 
of chemical equilibration in the mobile phase is very 
rapid (ku >, 0.5 min-t), we have considered five sets 
of kinetic parameters in examining the rate of equi- 
libration between the mobile and stationary phases. 

A(1): kll =k44=1.0min-l, k_,, =k_u =0.2min- 

In this case, kii is five tittte.s faster than k-ii, hence 
k 11, the rate of reverse equilibration of the monomer 
from the gel matrix to the mobile phase, and ka, 

that of the tetramer, are of similar magnitude. k_1 1 

and k_-4Q, the rate of forward equilibration of mono- 
mer and tetramer from the mobile phase to the gel 
matrix, are also equal. 

Fig. 4~ Simulated gel chromatography on Sephadex C200R of a rapidly equilibrating monomer-tetmmer system, where kq > 
0.5 min-’ . Monomer has a molecular weight of 17 000 daltons Equilibrium constants are given in fable 3. CoIumn cross-sectional 
area = 1.0 cmz_ Flow rite is 1.2 mi/h. time = 192 min. 1. 10% tetramer, 2. 25% tetramer, 3.50% tetramer. 4. 75% tetramer. 5 
90% tetramer. 
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Fig 4b C. Simulated gel chromatography on Sephadex G200R of a monomer-tetmmer system in a ratio of 25 : 75% as influenced 
by kineticaUy-controUed interaction in themobiie phase&(b) 192minand(c)240 min. l_kjl = 0.0 min-‘,k14 = O.Omin-'. 
Zk4~ =O.OOSmin-'.k~4=0.005 Kq(min-').3. kal =O.OS min- 
(mill_’ ). 

',k14 = 0.05 Kq (min-‘j.4. k41> 0.5 IIILI-~. k,q>O.S K4 
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Fig. 53, b; c. Sbmdated gel chromatography on Sepbadex G20OR of a monomer--tetramer system, considering ail kinetic effects in 
the mobile and stationary phases, using the four-step flow diagram of fii 1. at 192 min, where kc1 > O-5 ruin-t . kt4 > 0.5 Kz 
(min-‘) in the mobile phase. A(L) k,, = k& = 1.0 min-‘. k-1, = k-44 = 0.2 min-‘. B(2) kll= 1.0 miu-t, k-1, =: 0.1 min-‘; 
kG = 0.1 min-‘. k_* = 0.02 min-‘. C(3) k,, = 0.1 min-‘. k_,t = 0.02 mid; kti = 1.0 min-‘. k-_44 = 0.1 min-‘. D(4) kll = 
~.~m~~‘,k_~t=~.01min”;kgq=1.~min~’,k_~~=0_2min~~.E(S)ktt=k~~0.1min~‘,k_~t=k~=0.1min~‘. 
(a) monomer-tetramer ratio of 25 : 75 of cusve 4 of fig_ 4a. (b) monomer-tetramer ratio of 50 : 50 of curve 3 of fig. 4% (cl 
monomer-ietmmer ratio of 72 I 25 of curve 2 of fm 4a. 

E(2): k,, = 1.0 rnirl-1, k_,t = 0-I min-l; kt , , and k__, is twenty times faster than k_, L. 

k, = 0.1 min-1, k_, = 0.02 min-I. E(5): k,, =k44=I.0min-1, k_l,=k_44=0.1 min-l. 

Here k,, of the tetramer is ten times faster than 
k&r and k-11 of the tetramer is five times faster than 
k-,. 

C(3): kll =O.I min-‘, k_,l =0.02 min-* ; 

ka = 1.0 min-*, k_44 = 0.1 min-t . 

In this case, k& of the tetramer is ten times faster 
than k,t, and k-44 is twenty times faster than k_ t 1. 

D(4): kll =O.l ~GKI-~, k_L1 =O.Ol mindi; 

k,=l.OmW1, k_,=0.2min--'. 

Here, km of the tetramer is ten times faster than 

in this foal case, kIl and k++ are both ten times 
faster thank_,, and k-e. 

The time course dependent simulation of the con- 
centration gradient profile for monomer-tetramer as- 
sociation on Sephadex G2ClOR is shown in figs. Sa, b, 
and c, using the computer schematic of fig. 1, con- 
sidering the parameters of cases A( I) through E(5) and 
varying the weight fraction of monomer. In each of 
the resulting boundary profiles, there are distinct re- 
gions where kinetic controls are evident, indicated here 
by numerals. We found, however, in the region where 
theparameterskIl = k_,, <O.Olmir~-~ and kM= 
k_= < 0.01 min-1 are assumed, no kinetic controls 
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are evident in the boundary profdes. gram (fig. f) consists of three species. 
An overview of the effect of kinetic controls on 

the boundary profile may be seen where figs. 4a, 4b 
and Sa are compared. When curve 4 of fig. 4a (from 
Zimmerman and Acker’s data [I 31) is compared 
with fig. 4b and Sb, it is apparent that (1) decress- 
ing the rate of chemical equilibration in the mobile 
phase has a major effect on the shape of the profile, 
(2) sfow rates of equilibration of monomer and tetra- 
mer between mobile and stationary phases have a rel- 
atively small effect on the shape of the profue and 
(3) slow rates of equilibration between the two phases 
have an effect similar to that of decreasing the rate of 
chemical equilibration about ten-fold from kbl 2= 
OS r&n-l to k4r = 0.05 min-t_ Hence in practice, 
it becomes difficult to distinguish between the two 
processes under these conditions_ 

Computer simulation was limited to consideration 
of the mobile phase, due to the complexity of deal- 
ing with three-species association in both the mob& 
and stationary phases. Application of our computer 
program for evaluation of boundary proftie will be 
described in detail in a succeediog paper. 

Development of the reaction boundary as 2 func- 
tion of column length, varying the -kinetic constant 
from 0.0 to OS ruin-l on Sephadex G200R is shovin 
in figs. 62, b, and c. As may be seen from these fig- 
ures, the resulting reaction is bimodal. unless one con- 
siders an ideal system in which no kinetic effects are 
auumed, in which case a trimodal reaction boundary 
is observed. This is consistent with fmdings reported 
by Zimmerman [21] _ 

4.6. Simulation of monomer- tetramer-octomer 
associatian 

5. Conclusion 

Simulation of cases of three-species association is 
based on eq. (13), where each compartment of the 
first three sections 0. I, 2 or the schematic flow dia- 

Our fmdings indicate that while the chemical reac- 
tion rate in the mobile phase is the principal deter- 
minant of the shape of the elution boundary, the 
kinetically controlled reaction rate between the mo- 

(4 
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Fig. 6a. b, c. d. Simulated gel chromatography on Sephadex G200R of the mobile phase of monomer-tetramer-acter system 
in the ratio of 10 : -10 : 80 as a function of elution time. (I) 48 min, (2) 144 min. (3) 192 min. (4) 240 min. (a) kal > 0.5 min^‘, 
kql > 0.5 min-‘, kls > 0.5 Ks(min-'),k14 > 0.5 Kq(min"). (b)ksl =0.05 min-* ,k41 ~0.05 min-r. k18 =O.OS Kg (min-‘1, 
k14 =O.OS K4(min-').(c)kr~l=O.OOS min-‘, k41 =0.005 mjn-‘, klg =0.005 K8(min-‘),k 1c = 0.005 K&nin-‘). Cd) 110 interac- 
tion. kal=k,g =O.O min-‘, k41 and k14 =0-O min-‘. 

bile and stationary phases is the principal perturbing 
factor of the reaction boundary_ Hence, decreasing 
the rate of equilibration in the mobile phase has a 
much greater effect on the shape of the boundary pro- 
file in inolecular sieve chromatography than does de- 
creasing the rate of equilibration between phases. 

The most significant overall fmding of these com- 
puter-simulated gel permeation experiments is that 
the kinetically-controlled effects of local equilibra- 
tion in either the mobile or stationary phase nmst be 
considered in evaluating the elution boundary pro- 
fdes. Further investigation is required to elucidate 
the nature and extent of such kinetic effects on the 
interaction of self-associating solutes undergoing rap- 
id equiiibration. Schematicallyy? this interaction might 
possibly be shown as 

I IwoBrLE PlssE I 

assuming that the reversible binding of the solute to 
the gel matrix in the stationary phase contriiutes sig- 
nificantIy to the effective rate of isomerization be- 
tween the mobile and stationary phases. 

Since the column equilibration coefficient is not 
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always constant for a given interacting species in such 
a system, the apparent equilibrium constant should 
vary as a function of the distance coordinate. The con- 
centration gsadient profdes should vary when evalua- 
ted for each species at ezch point along the column 

between the mobile and stationary phases [33]. 
in considering a case of monomer-dimer associa- 

tion, shown in this figure, in which the weight frac- 
tion of monomer at equilibrium concentration is 50 : 
50, Bstantaneous equilibration is represented by curve 
I, plotting weight fractions versus equilibration time, 
where kii > 0.5 min-1. A plot of the concentration 
of monomer, where kii < 0.5 min-I, decreases expo- 
nentially along curve 2. At the same time, the concen- 
tration of dimer increases along cume 3. Tne differ- . 
ence between these two curves gives fl/2. the shaded 
area shown in the figure. 

WXOUER-OIYfR Lss(IclAtlan 
1. 

EuuIlmPATIan rlYE, *rm,n, 

Ideally, one would expect the concentrations of 
both monomer and dimer to reach a 50 : 50 equilib- 
rium concentration at every point along the column_ 

Such ideal behavior, however, does not take into con- 
sideration the kinetic. effect on the interaction of self- 
associating solutes. In fact, when the weight fraction 
of dimer reaches 50010, t%e magnitude of tli2 of mono- 

mer is twice that of dimer. ThereFore, we may assume 
that the rate of equilibration of this reaction is kine- 
tically controlled, but that the kinetic effect varies 
with the distribution of each species along the column, 
i.e. dKl& f 0 1361. 
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